Abstract-Voltage unbalance or sag conditions generated by the line excitation can cause the input rectifier stage of an adjustable-speed drive (ASD) to enter single-phase rectifier operation. This degradation of the input power quality can have a significant negative impact on the induction-machine performance characteristics. This paper provides an approximate closed-form analysis of the impact of line-voltage sags and unbalance on the induction-machine phase voltages, currents, and torque pulsations for a general-purpose ASD consisting of a three-phase diode bridge rectifier, a dc link, and a pulsewidth modulation (PWM) inverter delivering constant volts-per-hertz excitation. Attention is focused on the impact of the dominant second harmonic of the line frequency, which appears in the dc link voltage during the sag/unbalance conditions, neglecting the impact of the other higher order harmonics. In addition to the closed-form analytical results that assume constant rotor speed, both simulation and experimental results are presented, which confirm the key analytical results, including the dominance of the second harmonic in the resulting torque pulsations. The analytical results can be used as a valuable design tool to rapidly evaluate the approximate impact of unbalance/sag conditions on ASD machine performance.
I. INTRODUCTION
T HE NATURE of power-quality problems, their frequency, and the problems they cause have been reported in [1] - [3] . Input-voltage unbalance, sags, waveform distortion, frequency variation, noise, spikes, outages, and surges are all well-known power-quality disturbances. Fig. 1 illustrates the approximate percentage voltage unbalance found on power distribution systems in the United States based on data extracted from field survey results [4] .
Adjustable-speed drives (ASDs) are widely used in both industrial and commercial applications as the most versatile and efficient means of achieving motion control. Input-voltage unbalance and sag conditions can have serious performance consequences in ASDs, including abnormally low input line power factor, high input-current harmonic distortion, overstressed dcbus capacitors, high pulsating torque, and motor overheating. In the U.S. today, the overall cost of motor loss of life due to harmonic pollution and voltage imbalance is estimated to be U.S. $1-$2 billion per year [5] . In previous studies, considerable attention has been given to calculating sixth-harmonic torque pulsations caused by balanced three-phase nonsinusoidal excitation. This type of pulsating torque [6] is principally produced by interactions between the fundamental electromagnetic flux and the fifth and seventh harmonic currents. A method of predicting the sixth-harmonic electromagnetic torque of an induction motor caused by excitation with six-step voltage waveforms was presented in [7] . The resulting pulsating torque can have undesirable effects [8] including vibration and audible noise [9] , [10] . For example, pulsating torque can excite the natural frequencies of the mechanical drivetrain, degrading system performance [11] , [12] .
The attention in this paper is focused on the effects of unbalanced input line excitation of general-purpose ASDs that consist of a three-phase rectifier input stage, a dc link, and a pulsewidth modulation (PWM) inverter stage that delivers constant volts-per-hertz excitation. Although dc bus inductors can be installed to improve the inverter output quality, their use is not common in ASDs sold today because of their size and cost. As a result, the ASD model adopted for this paper uses only capacitance on the dc link.
0093-9994/$20.00 © 2006 IEEE Transient voltage sags or steady-state voltage-unbalance conditions in the three-phase input line voltages can cause the rectifier stage to transition into single-phase rectifier operation. Such operation creates significant amounts of harmonic voltage on the dc link at twice the line frequency (120 Hz for 60-Hz excitation). This link-voltage ripple at the inverter input terminals affects the PWM output voltage waveforms, causing low-frequency harmonic currents to flow in the machine. These harmonic machine currents, in turn, create undesired torque pulsations (i.e., ripple torque) that are dominated by the second harmonic of the input line frequency (120 Hz), the same frequency that appears in the dc link voltage.
The new contribution of this paper is the development of closed-form expressions that approximately capture the relationship between the input-voltage unbalance/sag conditions and the resulting induction-machine performance characteristics for finite values of input line inductance and dc bus capacitance. The attention is focused on the calculation of induction-machine harmonic current and pulsating-torque amplitudes in response to the second line-harmonic frequency component that appears in the dc link voltage. The results of this investigation are valuable since the second line harmonic that appears in the dc link voltage dominates the resulting harmonic effects.
The closed-form analytical expressions are verified using a combination of dynamic simulations and experimental tests. A 3.7-kW 460-V ASD system is used as the target for these verification efforts, providing valuable results that raise confidence in the accuracy and value of the analytical results. The availability of these relationships provides a convenient tool for rapidly and quantitatively evaluating the impact of varying levels of input line-voltage sag and unbalance on the ASD induction-machine performance.
II. SYSTEM DESCRIPTION
The most common types of voltage sags experienced by three-phase loads have been classified as types A, C, and D [1] . For a type-A voltage sag, all three phase voltages drop in magnitude by the same amount while retaining 120
• displacements. For type C or D sags, the three phase voltages change by different amounts and their phase angles change as well, creating unbalanced excitation conditions.
In this paper, a type-C sag and its associated voltage unbalance was selected as the target input excitation condition for study. The type-C sag was chosen because it is relatively common among voltage-sag events and causes the rectifier to transition into single-phase conduction quite easily. Fig. 2 shows a voltage phasor diagram of a typical type-C sag condition. As noted above, both the amplitudes and the phase angles of the phase B and C voltages change from their balanced excitation values during a type-C sag.
For the ASD configurations that are the subject of this investigation, three-phase ac line voltages are fed to a threephase rectifier (D 1 -D 6 ) bridge, as shown in Fig. 3 . The threephase input line-impedance values are equal (i.e., balanced), consisting of line inductance L a and resistance R a . The dc bus voltage is buffered by dc bus capacitance C d . The PWM inverter consists of six insulated gate bipolar transistor (IGBT) switches (SW 1 -SW 6 ) and their antiparallel diodes. PWM control of these switches is used to synthesize variable-frequency variable-amplitude ac-voltage waveforms that are delivered to the induction machine following a constant volts-per-hertz algorithm.
The input rectifier stage of the ASD can easily slip into single-phase operation during such sag/unbalance input excitation conditions. Fig. 4 provides an example of how the dc bus voltage and the input current waveforms change as a function of the input line inductance (L a ) values [14] for a type-C sag with 2.5% voltage unbalance.
The dominant ac component in the resulting bus voltage V d waveform occurs at the second line-harmonic frequency (120 Hz). It is this second-harmonic voltage component that, in turn, dominates the generation of undesirable line sag/ unbalance effects in the induction-machine operating characteristics. Attention is focused next on developing closed-form expressions that quantify the induction-machine performance effects caused by this second-harmonic component.
III. ANALYSIS

A. DC-Bus Voltage Analysis
As discussed in the preceding section, the rectifier stage can enter the single-phase rectifier mode with discontinuous conduction. Assuming that the inverter load can be modeled as a fixed resistor R L for a particular operating point, we define the dc-bus current (i d ) and voltage (V d ) as state variables in a second-order system. The system differential equations can be summarized during the rectifier conduction and nonconduction intervals, respectively, as For t in < t < t ex
and for where L s = 2L a , R s = 2R a , t in is the bus current i d inception time, t ex is the extinction time, and T is the period of the ac excitation frequency (e.g., 1/60 = 16.7 ms for 60-Hz excitation) (see Fig. 4 ). The closed-form solution of the dc-bus voltage
where the coefficient definitions and derivation details are provided in a separate paper [13] . This closed-form bus-voltage expression makes it possible to analyze the effects of finite values of input line inductance and dc bus-capacitance values on induction-machine performance during sag/unbalance conditions.
B. Induction-Machine Circuit Analysis
The voltage-source inverter (VSI) diagram in Fig. 5 is used to define key terminal-voltage variables in the ASD inverter stage. For PWM operation, the output voltage waveforms of the inverter can be calculated by multiplying the dc bus voltage V d with the inverter PWM switching function [14] .
Under input-voltage unbalance or sag conditions, the presence of the second line frequency (2ω i ) harmonic voltage component in the dc bus voltage generates low-frequency harmonic components in the inverter output voltages at the sum and difference frequencies with the inverter output frequency (ω 0 ). For purposes of this analysis, it is assumed that the inverter PWM algorithm does not include any capability to detect and compensate for dc bus-voltage ripple.
Neglecting the impact of the higher order harmonic components in the dc bus voltage, the motor phase a line-to-midpoint voltage (V a0 ) can be approximated as
where ω 0 is the inverter output fundamental frequency and B 1 is the Fourier coefficient of the fundamental-frequency component of the inverter switching function [14] at ω 0 . It is apparent from the Fig. 4 waveforms that the dominant ac frequency component in the dc bus voltage under inputvoltage sag and unbalance conditions appears at twice the input frequency (2ω i ). Thus, the dc bus voltage V d (t) in (5) can be approximated as
where V dc is the average value of the dc bus voltage, V dc2 is the amplitude of the second-harmonic voltage component, and θ 2 is the corresponding phase angle. Substituting (7) into (6), the phase voltage can be expressed approximately as
This phase-voltage expression can be restated by applying the following trigonometric identity
leading to
This form of the phase-voltage expression provides valuable physical insight by showing that each phase voltage contains three major frequency components: a steady-state component at ω 0 , a sum-frequency component at 2ω i + ω 0 , and a differencefrequency component at 2ω i − ω 0 . These latter two components are caused by the single-phase rectifier operation and are undesired.
The resulting machine phase currents will contain components at these same three frequencies. Provided that an assumption of constant rotor speed is made, closed-form solutions can be derived for the phase currents and the resulting machine torque under the unbalanced excitation conditions.
More specifically, the resulting phase a current will have the following form:
while the instantaneous machine torque can be expressed as
Details regarding the derivations of these current and torque expressions and the corresponding coefficients are provided in the Appendix. Significantly, the torque expression in (12) includes an average dc term that is contributed by the balanced three-phase excitation, and pulsating-torque components at twice and four times the line frequency that appear because of the input-voltage unbalance.
C. Closed-Form Analysis Results
The closed-form analysis described in the preceding section has been applied to compute the instantaneous stator-current and torque expressions for the 3.7-kW induction machine described in Section I. The parameters for this machine are provided in the Appendix.
Calculated waveforms are shown in Figs. 6 and 7 for a 460-V input line excitation with type-C sag conditions at 2.5% voltage unbalance. This input excitation causes a 17.4-V rms voltage ripple at 120 Hz superimposed on the average dc bus voltage of 632 V dc . In this case, it is assumed that the inverter delivers rated voltage (460 V) to the machine at its rated frequency (ω 0 ) of 60 Hz with 50% rated load.
This particular operating condition of ω 0 = ω i = 60 Hz is an interesting case since the sum and difference frequencies [(2ω i + ω 0 ) and (2ω i − ω 0 )] that appear in the machine stator currents occur at 180 Hz (positive-sequence third-harmonic component) and −60 Hz (negative-sequence fundamental component), respectively. This causes the unbalanced stator phasecurrent waveforms in Fig. 6 . Fig. 7 shows the induction-machine-torque waveform for this same operating condition along with its frequency spectrum. The upper plot of Fig. 7 shows an average torque of 10 N · m with pulsating torque that is dominated by the 2ω i (120 Hz) component in (12) . The lower plot in Fig. 7 shows the pulsatingtorque frequency spectrum (in rms newton meter) that contains only the 120-Hz component. This is due to the fact that the higher order torque harmonics were not included in the closedform analysis. The peak-to-peak torque pulsation at 120 Hz is 3.38 N · m, corresponding to 33.8% of the 10-N · m average torque at 50% rated load. 
IV. SIMULATION RESULTS
The drive system shown in Fig. 3 has been simulated using Simplorer to verify the analytical results presented above. This simulation includes explicit models of the diode rectifier stage and space-vector PWM operation of the inverter stage so that it captures the effects of higher order harmonics in the dc-bus voltage under input line sag/unbalance conditions (i.e., beyond second line harmonic) that are neglected in the closed-form analysis.
Figs. 8 and 9 show the induction-machine stator currents and torque for approximately the same operating conditions used to calculate the waveforms in Figs. 6 and 7. The simulated current waveforms match the major features of the calculated currents in Fig. 6 quite well, although the simulated current waveforms include the effects of the PWM switching frequency.
The upper plot of Fig. 9 shows the predicted torque waveform from the simulation that includes an average torque of 10 N · m to meet the 50% load, together with torque pulsations at 120 Hz and higher frequency harmonics. The lower plot in Fig. 9 shows the frequency spectrum of the torque waveform (in rms newton meter).
The pulsating torque in the simulated (Fig. 9) waveform is dominated by the second line-harmonic component as expected. However, the simulated torque waveform also includes small but nonzero Fourier components at higher order harmonics of the input line frequency, as well as the impact of the PWM switching frequency. The peak-to-peak amplitude of the simulated torque waveform is 3.36 N · m, matching the closedform predicted value very closely.
The positive correspondence between the calculated and simulated current and torque waveforms helps to build confidence in the validity of the closed-form analysis.
V. EXPERIMENTAL RESULTS
Experimental tests have been carried out using a 3.7-kW 460-V 60-Hz ASD mounted on a laboratory dynamometer. The test configuration is illustrated in Fig. 10 , consisting of a programmable voltage-sag generator, a drive isolation transformer, the ASD under test, an induction machine, a load machine excited by a four-quadrant ASD, and a Labview-based computer system designed to provide data acquisition, monitoring, and control functions.
Figs. 11 and 12 show the measurement results of the testmachine stator currents for both balanced and unbalanced (type-C sag) input-voltage excitation conditions. The current waveforms in Fig. 12 for 2.5% unbalance with 50% load show many of the same features as the calculated and simulated current waveforms in Figs. 6 and 8, providing further confirmation of the closed-form analytical results.
An in-line torquemeter was used to measure the amplitude of the 120-Hz pulsating-torque component that was generated by the unbalance conditions. Special consultations were made with the torquemeter manufacturer to ensure that 120-Hz measurement could be made within the useful bandwidth of the instrument. Table I provides an interesting comparison of the measured peak-to-peak pulsating-torque amplitude compared with the predicted values from the closed-form analysis and the simulation. The same test conditions of 50% rated load and type-C sag conditions with 2.5% voltage unbalance were applied in all three cases. The agreement between the pulsating-torque amplitude derived from the closed-form analysis, the simulation, and experimental tests is very good. Such comparisons provide evidence that the closed-form expressions presented in this paper can be applied to develop useful estimates of the impact of unbalanced excitation on induction-machine performance.
VI. CONCLUSION
This paper contributes to a better understanding of the effects of input line-voltage sag/unbalance conditions on the operation of adjustable-speed induction-machine drives by providing closed-form expressions to estimate the resulting machine stator-current and torque waveforms. The derivation of these expressions using dq complex equivalent circuit analysis techniques clearly shows how input line-voltage unbalance gives rise to dc-bus voltage ripple and torque pulsations that falls principally at the second harmonic of the input line frequency (i.e., 120 Hz).
In addition, this analysis shows why harmonic-current components at the sum and difference frequencies of [(ω 0 + 2ω i ) and (ω 0 − 2ω i )] appear in the machine stator currents as a result of the input line unbalance conditions.
The availability of these closed-form expressions makes it possible to rapidly calculate the impact of varying values of input line-voltage sag or unbalance on the operating characteris- Conditions: 3.7-kW ASD at 50% load with a type-C Sag at 2.5% unbalance Fig. 13 . Complex dq equivalent circuit of a three-phase induction machine in a rotating reference frame (ω).
tics of an induction machine excited by a general-purpose (volts per hertz) ASD. It is important to emphasize that this closedform analysis has been carried out for finite values of input line inductances and dc bus capacitance, providing a valuable contribution beyond work previously reported in the technical literature. In particular, this analytical tool provides a useful tool to aid the development of effective sag mitigation techniques.
APPENDIX CLOSED-FORM DERIVATION
In order to calculate the phase currents for unbalanced excitation, the three phase voltages can be transformed into a complex dq voltage space vector in a rotating reference frame and then applied to the appropriate complex dq equivalent circuit for the induction machine shown in Fig. 13, [15] .
The definitions of the complex variables include [15] 
The following differential equations govern the behavior of the electrical variables in Fig. 13 :
where p represents the differentiation operator (d/dt), ω is the angular velocity of an arbitrary reference frame, and ω r is the rotor angular velocity. For this problem, it is convenient to carry out the analysis in the reference frame that is synchronous with the inverter output frequency so that ω = ω 0 in (A5) and (A6) above. Combining this substitution with (A1)-(A4) leads to
where the superscript e indicates that the variables are expressed in the synchronous reference frame.
Superposition can be used to determine the machine response to the three frequency terms in the unbalanced phase voltages (10) on a term-by-term basis. Consider first the phase voltages associated with the ω 0 term
These three phase voltages can be transformed into a dq complex vector in the synchronous frame using 
Similarly, the three phase voltages associated with the 2ω i + ω 0 and 2ω i − ω 0 terms in (10) can be transformed into synchronous-frame complex voltage vectors as
where
The induction-machine equations (A7) and (A8) can then be used to solve for the resulting stator and rotor complex current variables i e qds and i e qdr , respectively. For a squirrel-cage induction machine, the rotor terminal voltage is zero (v e qdr = 0). For simplicity, it will be assumed that θ 2 = 0.
Applying superposition, the stator and rotor currents will have the following forms: 
where the coefficients can be evaluated as
The electromagnetic torque impressed on the shaft of the induction machine can be expressed as [15] 
where P is the number of poles and the last term represents the imaginary part of the product of the complex stator current and the complex conjugate of the rotor current. The expressions for the complex stator and rotor currents in (A19) and (A20) can be used to develop an expression for the product in (A30) as follows:
Evaluating (A30) with (A31) leads to the following expression for the instantaneous torque
This expression shows that, during unbalanced input-voltage excitation conditions, the torque consists of three terms including an average torque, a component at twice the line excitation frequency, and a component at four times the line frequency. This is an approximate expression since it only includes the effects of the second harmonic of the line frequency in the dc bus voltage, as shown in (7) .
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